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Abstract
In this work, a constitutive model able to capture the strain rate dependency, small strain effects and the inherent anisotropy
is proposed considering the influence of the overconsolidation ratio (OCR). Small strain effects are captured by using an
extended ISA plasticity formulation (Fuentes and Triantafyllidis in Int J Numer Anal Methods Geomech 39(11):1235–
1254, 2015). The strain rate dependency is reproduced by incorporating a third strain rate mechanism (in addition to the
elastic and hypoplastic strain rate). A loading surface has been incorporated to define a three-dimensional (3D) over-
consolidation ratio and to account for its effects on the simulations. Experimental investigations using Kaolin Clay and
Lower Rhine Clay with horizontal bedding plane have shown that under undrained cycles of small strain amplitudes
(\104), the effective stress path in the p–q space is significantly inclined towards the left upper corner of the p q plane.
Consequently, a transversely (hypo)elastic stiffness has been successfully formulated to capture this behaviour. The
performance of the model has been inspected by simulating the database of approximately 50 cyclic undrained triaxial
(CUT) tests on low-plasticity Kaolin Clay (Wichtmann and Triantafyllidis) considering different deviatoric stress
amplitudes, initial stress ratios, displacement rate, overconsolidation ratio and cutting direction. Furthermore, 4 CUT tests
conducted on high-plasticity Lower Rhine Clay were simulated, whereby the influence of the displacement rate, as well as
the deviatoric stress amplitude, has been analysed. The simulations showed a good congruence with the experimental
observations.
Keywords Anisotropy  Clay  Cyclic loading  Excessive pore water pressure  Rate dependency  Soft soils 
Silt  Time dependency  Viscosity
1 Introduction
The prediction of the soils irreversible displacements is
indispensible for the performance-based design of struc-
tures subjected to cyclic loading. For an accurate prediction
of the settlement and the bearing capacity of an installed
structure as, for example, a vibro-replacement with stone
columns, the cyclic behaviour of the underground con-
sisting of clay as well as its time-dependent behaviour is of
high importance. The majority of analytical settlement
calculation methods pertain to primary settlement only, and
thus, the same value of the settlement improvement factor
tends to be applied to both primary and creep settlements
[28, 3].
In the literature, soil anisotropy is distinguished as
inherent anisotropy (as already introduced herein) or stress-
induced anisotropy. The stress-induced anisotropy is pro-
duced by the recent loading history and thus results as a
consequence of the applied stresses or strains. On the other
side, most natural clays show anisotropic behaviour due to
their mode of deposition and the elongated shape of the
particles [3–6]. This anisotropy, known as inherent aniso-
tropy, along with the time-dependent phenomena of soft
soils, has practical consequences for, that is, the passive
lateral thrust on piles, which has been the target of many
investigations in the last decades. By creeping slopes or
construction of an embankment on such formations, pas-
sive time-dependent lateral pressure may occur to the pile
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shaft. This may lead to deformations of the pile foundation
and of the superstructure. Besides these effects, the beha-
viour of clays depends not only on the material state, but
also on the strain amplitude. Researchers [6–15] have
found that clays behave elastically only under very small
strain amplitudes je1j\0:01%. Under medium strain
amplitudes 0:01%\je1j\1%, the so-called small strain
effects, namely the stiffness increase due to reversal
loading and the reduction in the plastic strain rate, take
place. Finally, when the soil is sheared under very large
deformations, it tends asymptotically to the critical state,
which may result to a failure. Thus, in order to simulate
each of these effects, the usage of an ‘‘appropriate’’ model
is recommended, e.g. [14–27]. Yet, each of these effects is
important for the investigations of the soft soil behaviour in
urban excavations with shoring walls subjected to a low
number of cycles. This cyclic loading may be attributed to
the excavation shoring and backfilling processes or in case
of offshore foundations with a large number of cyclic
loading due to wave and wind actions or for the long-term
design of stone columns as soil replacement subjected to a
large number of cycles carrying traffic loading. In this
paper, a single model capturing all these effects is
proposed.
The paper examines the anisotropic material response of
clays resulting in transverse isotropy. Only one additional
parameter is required to describe this type of inherent
elastic anisotropy [32]. Among all strain amplitudes, the
strain rate dependency of clays is experimentally investi-
gated. These effects are incorporated into the proposed
model by an extension and modification of the
(hypo)elastic stiffness tensor and the consideration of an
additional strain mechanism, whose intensity depends on
the material viscosity as depicted in [9]. The model is
proposed under the platform of the ISA plasticity, which
has shown good simulation results for of cyclic loading and
captures well the small strain effects for sands. These
advantages of the ISA plasticity have been extended and
adjusted to the mechanical behaviour of clays.
The structure of this article is as follows: At the
beginning, the formulation of the proposed model is
explained. Then, some details about the numerical
implementation and the integration scheme are given. The
performance of the model is finally illustrated in the case of
undrained triaxial cyclic simulations of two different clays:
the medium plasticity Kaolin Clay and the high-plasticity
Lower Rhine Clay. The experiments for the Kaolin Clay
are borrowed from [36], whereas the experiments for the
Lower Rhine Clay are performed by the authors as will be
reported in a subsequent paper. The simulations are care-
fully analysed regarding the strain rate effects, different
overconsolidation ratios, various initial stress ratios and
mean pressures and different sample cutting directions. The
samples were subjected to various deviatoric amplitudes.
The proposed model is able to describe the material
behaviour of viscous and non-viscous clays under cyclic as
well as monotonic loading, capturing also the present
inherent anisotropy of clays. The model covers a wide
range of strain amplitudes without restriction on the over-
consolidation ratio (OCR). Normal consolidated as well as
slightly and heavily over consolidated clays behaviour can
be simulated. Simulations of tests with different initial
stress ratios show the good performance of the model in
capturing the induced anisotropy of Kaolin Clay. From the
point of constitutive modelling, this is very interesting
because the proposed model is able to simulate each effect
without changing the model from non-viscous to viscous
clays while keeping the same set of material parameters.
2 ISA plasticity for the small strain stiffness
In order to accurately describe the behaviour of granular
soils under cyclic loading, in particular for a better pre-
diction of the small strain stiffness and the shear modulus
degradation curve, Niemunis and Herle [23] proposed the
concept of the intergranular strain (IS). In 2015, Fuentes
and Triantafyllidis [10] reformulated the intergranular
strain and named it the ISA model, hereafter denoted as
ISA plasticity, introducing an elastic locus in the inter-
granular strain space. Table 1 provides a summary of the
models developed under the ISA plasticity framework.
Thereby, the models in [8] and [9] are proposed to capture
the specific behaviour of clays. In [9], the time dependency
Table 1 Summary of the models developed under the ISA plasticity framework
Name Geomaterial Description Literature
ISA—Sand (2014) Sand Uses projections in the stress space (similar to [5]) [10]
ISA—HP Wolffersdorff (2015) Sand Without projections in the stress space [25]
ISA—HP Clay (2015) Clay Rate independent [8]
ISA—visco-HP Clay (2016) Clay Inclusion of rate and time dependency [9]
ISA—aniso-visco-HP Clay (2017) Clay Inherent anisotropy introduced This work
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and rate dependency are introduced, yet the intergranular
strain formulation of sand [10] is used. In the following
lines, the ISA plasticity formulation for sand [9, 23–11] is
summarized and its extensions to capture the specific
behaviour of soft soils are described and marked in red
colour.
The main feature of the ISA plasticity formulation for
sand is the incorporation of the elastic locus as a strain-type
yield surface. It describes a hypersphere with diameter R
and depends on the intergranular strain tensor h and the
kinematic hardening tensor c:
FH ¼ kh ck  R=2 ¼ 0 ð1Þ
The evolution of the intergranular strain tensor is described
in accordance with elastoplastic formulations introducing
the consistency parameter _kH and the flow direction N:
_h ¼ _e _kHN; ð2Þ
whereby _kH fulfils the consistency condition _FH ¼ 0 and is
derived to:
_kH ¼ hN : _ei




For the plastic condition FH ¼ 0, an associated flow rule
N ¼ oFH=oh and a kinematic hardening c of the yield
surface are introduced as a transition state until the
bounding surface (BS) is reached:
FHb ¼ khk  d  R ¼ 0: ð4Þ
The BS has been formerly proposed in [10] according to
the bounding surface plasticity characteristics [4] repre-
senting it similarly to the yield surface as a hypersphere in
the IS space, but with twice the diameter of the yield locus
FHb ¼ khk  R ¼ 0. Following Eq. (4), we propose a
changed size of the bounding surface through the new
parameter d. Hence, for sand this parameter can be set to
d ¼ 1 yielding the formulation of [10]. For clays, the
experimental experience gained in this work has shown
that d tends to d ¼ 2. The introduction of a new size of the
bounding surface has required the adjustment of the fol-
lowing equations compared to [10].
The kinematic hardening tensor represents the centre of
the yield surface and reads:
_c ¼ _kHc: ð5Þ
In order to fulfil the bounding constraint khkR, the
hardening mechanism should evolve towards the image
tensor at the BS (projection in direction of N) denoted by
cb. Thereby, the hardening function is proposed to read:
c ¼ b ðcb  cÞ=ðd  RÞ; cb ¼ R ðd  1=2Þ _e
! ð6Þ
whereby b ¼ f ðb0; rÞ is here proposed as a variable that
controls the hardening rate as will be defined in the sub-
sequent section. For isotropic conditions, it takes the value
of the material parameter bðq ¼ 0Þ ¼ b0 (Fig. 1).
2.1 Mechanical model
According to the ISA plasticity, for material states inside
the IS yield surface kDek\R the response of the model is
visco-elastic; thus, _kH ¼ 0 and the intergranular strain
evolves equally to the applied strain. The (visco-elastic)
constitutive equation for these states reads:
_r ¼ mE : _e _evis : ð7Þ
Once the yield surface is reached FH ¼ 0, the tensor c,
describing the centre of the yield surface, evolves towards
the image tensor cb located at the bounding surface
according to the proposed kinematic hardening function
(see Eq. 6). Upon this path, the model describes a smooth
transition from the visco-elastic response (Eq. 7) to a fully
mobilized response with yh ¼ 1 at the bounding condition
c ¼ cb:
_r ¼ mE : _e yh _ehp  _evis
 
: ð8Þ
The scalar factors yh ð0\yh\1Þ and m ð1\m\mRÞ have
been proposed in [10] to interpolate between the elastic
state FH\0, whereby m ¼ mR and yh ¼ 0, and the fully
mobilized state, whereby m ¼ yh ¼ 1. In order to incor-
porate the behaviour of clays, the functions proposed in
[10] have been extended to read:
bounding surface
yield surface
Fig. 1 Yield surface and bounding surface of the extended ISA
plasticity for clays (d ¼ 2 has been used). Example when the
intergranular strain is fully mobilized h ¼ hb and c ¼ cb
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yh ¼ qvhN : _e
!
i; q ¼ 1 khb  hk
2d  R ; ð9Þ
whereby hb ¼ d  RN is the image tensor of the IS at the
bounding surface. The exponent v accounts indirectly for
the number of constitutive cycles the soil has experienced
[25] v ¼ v0 þ ea ðvmax  v0ÞÞ. Laboratory tests dealing
with cyclic behaviour of clays with different numbers of
cycles [35] have shown that the plastic accumulation rate
reduces for increasing number of consecutive cycles before
reaching the critical state. This effect can be described
through a new state variable ea [25], which distinguishes
whether the soil is performing a few or several consecutive
cycles. Its evolution rate is controlled through a material
parameter Ca and reads:
_ea ¼ Ca=R 1 yh  eað Þk _ek: ð10Þ
Thus, for a few cycles ea  0) v ¼ v0 and the IS expo-
nent proposed by [10] is recovered. ea ! 1 is reached when
several consecutive cycles have been experienced and the
exponent then increases to v! vmax. v0 and vmax are
material parameters that can be calibrated for a few and
several number of cycles, respectively.
The increase in the elastic stiffness at unloading is
achieved through the scalar function
m ¼ mR þ ð1 mRÞ yh, whereby mR is a material parame-
ter introduced first in [20, 23].
If the stress loops are performed at the critical state,
even though the strain rate may be small jDej\R, the
material response is fully mobilized. The scalar value b
controls the strain amplitude required to cease the small
strain effect caused by a reversal loading as depicted also in
[10]. Although the former ISA models assumed b as a
constant, it has been noted that the strain amplitude
required to cease the small strain effects reduces for
increasing stress ratios. Therefore, the present model pro-
poses to consider b as a function of the stress ratio,
according to the following relation:
b ¼ b0 þ ð2 b0Þ krk=krckð Þ3; ð11Þ
with the stress ratio r ¼ r=p and its image at the critical
state rc.
The formulation of the general model might at first sight
appear high, but under some specific assumptions it redu-
ces to some model families that possibly are simpler to
understand, as outlined in Table 2. For example, if the
yield surface radius goes towards R ! 0, then the ISA
plasticity is disregarded and we obtain the constitutive
model formulation under mobilized states.
3 Constitutive model under mobilized
states
The fully mobilized state is reached when the intergranular
strain h lies at the IS bounding surface
FHb ¼ 0) yh ¼ 1 ) m ¼ 1. Hence, the constitutive
equation for clays at fully mobilized states reads:
_r ¼ E : _e _ehp  _evis : ð12Þ
This relation is visco-hypoplastic as described in [32]. The
evolution equation of the hypoplastic strain rate _ehp reads:
_ehp ¼ Ymk _ek ð13Þ
and for the viscous strain rate _evis:




with the compression index k and the viscosity index Iv.
The same direction is used for both plastic strains
[32, 9, 30, 31]:
m ¼  1
2
krck  krkð Þ þ rkrck
 !
: ð15Þ
The equations governing the reference model [9] are
summarized in Appendix 1. In this section, the differences
between the reference model and the AVISA model are in
particular presented. The new approach for the description
of inherent anisotropic effects, as well as the influence of
the overconsolidation ratio (OCR), is formulated with a
parameter less than the reference model, and the new
relation for the degree of nonlinearity Y is described in
detail.
Table 2 Simplification of the general constitutive model to some particular forms
Name Assumptions Simplified equation Remarks
Elastic R!1, Iv ¼ 0 _r ¼ mR E : _e Time independent, no accumulation
Visco-elastic R!1 _r ¼ mR E : ð _e _evisÞ Time dependent, no accumulation
Hypoplastic R! 0, Iv ¼ 0 _r ¼ E : ð _e _epÞ Time independent, monotonic loading
Visco-hypoplastic R! 0 _r ¼ E : ð _e _ep  _evisÞ Time dependent, monotonic loading
ISA plasticity none _r ¼ mE : ð _e yh _ep  _evisÞ Time dependent, monotonic ? cyclic loading
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Furthermore, it should be noted that experimental
studies [31–2] have shown that the viscous effects of
(highly) overconsolidated clays vanish with a high expo-
nent. For undrained cyclic loading of a normal consolidated
sample with constant deviatoric amplitude, this means that
the viscous effects decrease with a high exponent with each
cycle. In the constitutive Eq. (7) of the AVISA model, the
viscous strain is active also for elastic conditions. Yet,
Eq. (14) suggests that its magnitude decreases with
increasing OCR exponentially. The exponent 1=Iv takes
high values for 0 Iv 0:5 and therefore ensures a sig-
nificant reduction in the viscous strain rate for increasing
OCR. For heavily overconsolidated states OCR[ 2, the
viscous strain rate is almost negligible.
3.1 Inclusion of inherent anisotropy for clays
A hypoelastic stiffness has been introduced in the AVISA
model:








1 rþ r 1ð Þ ð16Þ
with the normalized Kronecker delta 1
!
¼ d=kdk, the fourth




and the unit ten-
sor for symmetric tensors Iijkl ¼ 1=2ðdikdjl þ dildjkÞ The
barotropic bulk modulus K of clays linearly increases with





whereby Y0;max ¼ ðk jÞ=ðkþ jÞ is the degree of non-
linearity deducted for normal consolidated states upon
unloading [32, 9]. The shear modulus G can be deduced
from K and the Poisson ratio m to read:
G ¼ K 3
2
1 2mð Þ
1þ mð Þ : ð18Þ
Most natural clays show anisotropic behaviour because of
their mode of deposition and the elongated shape of the
particles [32]. This anisotropy, known as inherent aniso-
tropy or fabric, resulting from the deposition process tends
to induce a horizontal bedding plane in the soil layer and
can be regarded as a transverse isotropy [12, 32]. For
undrained monotonic loading, the transverse isotropy
influences the slope of the effective stress path. In case of
undrained cyclic loading, the described elastic anisotropy
besides the effective stress slope affects the direction of the
strain accumulation, whether it occurs in extension or
compression. Thus, a performance-based design is not
possible without describing the fabric well. However, these
effects are not introduced into the reference model [9].
Furthermore, experiments show that under undrained
triaxial conditions after a stress reversal first an increase in
the mean pressure occurs in some clays [36] in contrast to
sand where the reversal starts with the highest contrac-
tancy. This can also present a reason why most clays do not
reach liquefaction p ¼ 0 kPa. Thus, also in order to capture
the dilatancy/contractancy behaviour of soils well, first the
accurate description of elasticity and of the inherent ani-
sotropy is required.
For a complete transverse isotropy, five material
parameters are required. However, according to the pioneer
work of Graham & Houlsby [12] for the special case of
anisotropic clays, a simplified transversal isotropic elas-
ticity is deduced, whereby only three parameters are nee-
ded: the Young’s modulus E ¼ Ev, the Poisson ratio m ¼ mh
and the anisotropic factor a obeying the relation:
Gh=Gv ¼ ðEh=EvÞ1=2 ¼ mh=mvh ¼ a ð19Þ
The index h stands for the horizontal direction and v for
vertical direction. Two of these material constants are
already present in the proposed model with E ¼ f ðjÞ and m.
Thus, only one additional material parameter a needs to be
introduced into the model. Now the question arises how
can a stiffness of a model be transformed to a transversal
one? After some mathematical manipulations, it becomes
obvious that each hypoelastic stiffness can be transformed
to a transversal one by scaling it according to the following
schema [22]:
Eabcd ¼ Qabij : Eijkl : Qklcd ð20Þ
Qabcd ¼ laclbd
l ¼ ffiffiffiap 1þ ð1 ffiffiffiap Þms ms;
ð21Þ
ms is the unit vector along the sedimentation axis, e.g. if
the sedimentation axis is horizontal, then ms ¼ f1; 0; 0g.
Hence, only 1 additional parameter termed as anisotropic
coefficient a compared to the reference model [9] is
required.
3.2 Overconsolidation ratio OCR
Whereas in [9] an interpolation function is used for OCR
introducing an additional material parameter, a more pre-
cise and comprehensive OCR formulation is proposed
herein. Following Hvorslev [17], we introduce the equiv-
alent isotropic pressure pei ¼ expððei0  eÞ=kÞ. After
incorporating a loading surface for the stress Fb ¼ 0 where
OCR¼ 1 holds and along the same lines of thoughts as
described in [32], the OCR ¼ f ðp; q; e; hÞ is defined for










eþ ¼ A1=nf ei; A ¼ 1 jjrjjjjrb0jj
 
: ð23Þ
Hence, OCR is a function of the void ratio e and the stress
invariants p ¼ trr=3; q ¼ ffiffiffiffiffiffiffi3=2p krk and the Lode angle
h accounting for multidimensional loading paths. Thus, one
parameter less is required compared to the reference model
[9] as the controversial parameter nocr introduced in [9] is
omitted in Eq. (22).
3.3 Degree of nonlinearity Y
The degree of nonlinearity is proposed according to some
hypoplastic requirements:
• isotropic states ðq ¼ 0Þ: Y takes the minimum value
Y ¼ Y0, whereby the influence of OCR is also consid-
ered: Y0 ¼ Y0;maxðp=peiÞ2 [9].
• states lying at the loading surface Fb ¼ 0 or at the
critical state surface Fc ¼ 0: experimental observations
have shown that at these states the hypoplastic degree
of nonlinearity takes the value Y ¼ 1.
• the degree of nonlinearity should provide information
about the state of the material: the loading surface
provides the boundary where Y ¼ 1 and inside the
loading surface Y decreases towards Y ¼ Y0 which is
reached at the isotropic axis. This requirement is firstly
termed in this work.
A suitable relation to fulfil these requirements is the fol-
lowing equation:
Y ¼ Y0 þ ð1 Y0Þ exp OCR 1krk
 
: ð24Þ
For isotropic states jjrjj ! 0, relation (24) tends to:
lim
r!0
Y ¼ Y0; ð25Þ
thus, the first requirement is fulfilled. States lying at the
loading surface or at the critical surface are normal con-
solidated OCR ¼ 1, hence Y ! 1. The incorporation of
the loading surface as a boundary for the degree of non-
linearity is obvious from Eq. (24). Both the degree of
nonlinearity proposed in Eq. (24) and the reference model’s
degree of nonlinearity Yrefmod [9] are illustrated in Fig. 2.
Despite the OCR independence of the Yrefmod, it possesses
also numerical issues approaching the isotropic axis as
depicted in Fig. 2a with dashed green lines. The orange
limit Y ¼ Y0 holds for both definitions equally.
4 Inspection of the model’s performance
compared with laboratory tests
The model’s performance is in this section evaluated by
simulating experimental results for two different clays:
Kaolin Clay from [36] and Lower Rhine Clay (experiments
conducted by the authors and not published yet). The low-
plasticity Kaolin Clay used for the experiments has a liquid
limit of wL ¼ 47:2%, a plastic limit of IP ¼ 12:2% and a
grain density of qs ¼ 2:590 g/cm 3. The highly plastic
Lower Rhine Clay stems from the excavation site of an
opencast lignite mine and has a liquid limit of
wL ¼ 56:1%, a plastic limit of IP ¼ 34:1% and a grain
density of qs ¼ 2:675 g/cm 3 [36]. The permeability of
Kaolin and Lower Rhine Clay has been determined by the
authors in a permeability test in a cylinder with variable
pressure head during the test resulting to k ¼ 1:3  109 m/s
and k ¼ 3:6  1011 m/s, respectively. Both materials have
been tested in disturbed form, i.e. using reconstituted
samples. The material parameters used for the simulations
are listed in Table 3.
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Fig. 2 Definition of the degree of nonlinearity: a contour plot of Y in
p q space, b Y in dependence on the stress ratio g (green = Y from




4.1 Simulations with Kaolin Clay
In several test series performed by Wichtmann & Tri-
antafyllidis [36], the stress amplitude q0, the displacement
rate _s, the initial mean pressure p0, the OCR, the initial
stress ratio g0 ¼ q0=p0 and the cutting direction of the
samples have been varied as described in [36, 37]. Each of
these tests has been simulated with the AVISA model and
showed a good agreement with the experimental results
(see the following sections). Only one material parameter
set listed in Table 3 has been used for all simulations. The
notation of the tests with CXX, e.g. C02 is the same as in
[36], so that missing information can be depicted from
[36].
Table 3 Material parameters
Description Approx. range Kaolin Lower Rhine clay
Transversal (hypo)elasticity
k Compression index 106  1 0.13 0.26
j Swelling index 107  0:6 0.05 0.04
mh Poisson ratio 0 0:5 0.3 0.2
a Anisotropic coefficient 0 5 1.8 0.7
Intergranular strain (IS)
mR Stiffness factor 1 7 3 5
R IS yield surface radius 106  102 2 104 2 104
d IS bounding surface radius 1 10 3 4
b0 IS hardening parameter 0 2 0.076 0.076
v0 Min IS exponent 1 10 7 7
vmax Max IS exponent 20 50 40 35
Ca Accumulation rate factor 0 0:2 0.001 0.005
Critical and loading surface
Mc CS slope 0:5 2 1.0 0.95
ei0 max void ratio at pref ¼ 1 kPa 0:5 5 1.76 2.47
fb0 Loading surface factor 1 3 1.5 1.45
Viscosity
Iv Viscosity index 0 2 0.015 0.025
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] (a) C02: qampl = 40 kPa
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] (b) C04: qampl = 45 kPa
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] (c) C05: qampl = 50 kPa
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] (d) C06: qampl = 50 kPa
0 40 80 120 160 200

















] (e) C07: qampl = 60 kPa
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] (f) C08: qampl = 70 kPa
Fig. 3 Effective stress paths in undrained cyclic tests with different stress amplitudes (OCR0 ¼ 1; p0 ¼ 200 kPa, g0 ¼ 0; _s ¼ 0:1 mm/min)
(simulation = red, experiment = blue) (color figure online)
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4.1.1 Variation of deviatoric stress amplitude qampl
The tests C01-C08 was performed with different devia-
toric stress amplitudes qampl ¼ f30; 40; 45; 50; 60; 70g
kPa. The initial conditions OCR0 ¼ 1; p0 ¼ 200 kPa, g0 ¼
0; _s ¼ 0:1 mm/min were the same for all samples. In the
simulations, the same number of cycles as documented in
[36] has been applied. For the initialization of the OCR, the
simulations used the initial void ratio
e0 ¼ ei0  k lnðp0=ð1 kPa Þ OCR Þ.
The simulated effective stress paths (red) and the
experimental results (blue) are given in Fig. 3 for tests
C02, C04-C08. It is evident that the effective stress path
before cyclic mobility is significantly inclined towards the
left upper corner of the p q plane [36]. This observation
is reproduced very well with the AVISA model through the
anisotropic coefficient of a ¼ 1:8 resulting in
Eh ¼ 3:24  Ev. The reference model [9] could not repro-
duce the described slope of the effective stress path. The
inherent anisotropy effects also the axial strain path,
whereby the sample first accumulates in extension. Due to
the p q inclination, first the compression triaxial critical
state line is reached, and thus, the accumulation of the axial
strain changes to compression as demonstrated in Fig. 4.
The AVISA model captures well all of these features of the
material behaviour, whereas the reference model [9]
accumulated only in extension. For a performance-based
design of an, for example, flooded opencast mine under
earthquake loading, the accurate description of these
effects is indispensable.
The tests C05 and C06 have been performed with the
same deviatoric amplitude qampl ¼ 50 kPa but with differ-
ent initial void ratios e0 ¼ 1:145 and e0 ¼ 1:252, respec-
tively. As reported in [36], lower initial void ratios due to
higher overconsolidation ratios lead to a higher number of
cycles to reach cyclic mobility or the failure criterion of
je1j ¼ 10% used in the experiments. The simulations are of
course completely in agreement with the described beha-
viour, presented also in Fig. 5a in terms of accumulated
pore water pressure against the number of cycles N and
Fig. 5b, whereas the accumulated axial strain against N is
illustrated. This behaviour is observed also by other authors
[35, 14, 16]. Moreover, Fig. 3d shows a better agreement
for the first cycle between experiment and simulation. Due
to the experimental data scatter of the initial void ratio, the
first cycle in some simulations does not coincide exactly
with the experiment.
The tests pair C03 and C04 were performed with the
same amplitude of qampl ¼ 45 kPa and showed for the
higher initial void ratio of e0 ¼ 1:224 corresponding to the
test C03 an increasing number of cycles up to failure in
opposition to the above-described effect for tests C05 and
C06. The authors addressed this occurrence to the natural
scatter of experimental data [36]. The AVISA simulations
showed a good agreement with the test C04 as illustrated in
Fig. 3b.
The last cycles at cyclic mobility show a prevented
dilatancy at loading and a contractant behaviour after an
elastic regime is overcome for unloading. This behaviour,
resulting also in an axial strain ‘‘hysteresis’’ in Fig. 4, is not
accounted by the model as for its description the precise
description of the energetical correct hyperelasticity of the
Kaolin is necessary. The authors are currently working in
this direction. Yet it is of high importance to note that at
the stress reversal clays first exhibit an increase in the mean
pressure in contrast to sand, whereas the reversal starts with
the highest contractancy. This can present a reason why
most clays do not reach liquefaction p ¼ 0 kPa. Therefore,
the question arises if there is an angle for the cutting
direction of the sample at which the clay reaches a total
degradation of the mean stress similarly to sand. In
Sect. 4.1.7, we will notice a reduction in the relaxation of
the mean stress compared to vertically cut samples for the
same initial and boundary conditions.
4.1.2 Variation of displacement rate _s
Six tests with variation of displacement rate between _s ¼
f0:01; 0:05; 0:5; 0:01; 0:05; 0:5g mm/min have been
documented in [36] and simulated with the AVISA model.
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a] (a) C07: qampl = 60 kPa
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a] (b) C08: qampl = 70 kPa
Fig. 4 Deviatoric stress vs. axial strain in undrained cyclic tests with different stress amplitudes (OCR0 ¼ 1; p0 ¼ 200 kPa, g0 ¼ 0; _s ¼ 0:1
mm/min) (simulation = red, experiment = blue) (color figure online)
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Isotropically normal consolidated samples with an initial
mean stress of p0 ¼ 200 kPa were tested with a deviatoric
amplitude of qampl ¼ 45 kPa (C09-C12) and qampl ¼ 50
kPa (C13-C15).
Figure 6 shows the results in the effective stress plane,
whereas the corresponding deviatoric stress–axial strain
relations are, for example for, tests C13 and C14 illustrated
in Fig. 7. In order to distinguish between the effects of
stress amplitude and displacement rate, either tests
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] C09: s˙ = 0.01 mm/min
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] C11: s˙ = 0.05 mm/min
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] C12: s˙ = 0.5 mm/min
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] C13: s˙ = 0.01 mm/min
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] C14: s˙ = 0.05 mm/min
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] C15: s˙ = 0.5 mm/min
(a) (b) (c)
(d) (e) (f)
Fig. 6 Effective stress paths in undrained cyclic tests with different displacement rates (OCR0 ¼ 1; p0 ¼ 200 kPa, g0 ¼ 0; qampl ¼ 45 kPa)
(simulation = red, experiment = blue) (color figure online)
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a] (a) C13: s˙ = 0.01 mm/min
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a] (b) C14: s˙ = 0.5 mm/min
Fig. 7 Deviatoric stress versus axial strain in undrained cyclic tests with different displacement rates (OCR0 ¼ 1; p0 ¼ 200 kPa, g0 ¼
0; qampl ¼ 45 kPa) (simulation = red, experiment = blue) (color figure online)
(a) (b)
Fig. 5 Undrained cyclic tests with different stress amplitudes (OCR0 ¼ 1; p0 ¼ 200 kPa, g0 ¼ 0; _s ¼ 0:1 mm/min): a normalized accumulated
pore water pressure uacc=p0 as a function of the number of cycles and b accumulated axial strain as a function of the number of cycles (simulation
= solid lines, experiment = dashed lines)
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C09-C12 or C13-C15 are compared. Due to the low
plasticity of Kaolin, an effect of the displacement rate can
be seen rather comparing the lower rates _s ¼ 0:01 and 0.02
mm/min with a number of cycles to failure Nf ¼ 81 and 58
(C09-C12) or Nf ¼ 24 and 40 (C13-C15). The increasing
number of cycles to failure with decreasing frequency has
been observed by other authors too [9–7]. In agreement
with this tendency is an acceleration of the accumulated
pore water pressure and of the accumulated axial strain for
lower displacement rates as depicted in Fig. 8. The simu-
lations show a good agreement with all effects shown by
the experiments. The frequency dependence of the model is
established through the viscous strain evis with the evolu-
tion relation given in Eq. (14). The inherent anisotropy
resulting in a compressive accumulation of the axial strain
and an inclination of the effective stress path to the upper
left of the p q diagram is very well captured by the
simulations with the AVISA model. Responsible for its
simulation is the transversal (hypo)elasticity with the ani-
sotropic coefficient of a ¼ 1:8. The reference model [9] is
not able to capture the inherent anisotropy would result in a
vertical effective stress path against the experimental
observations.
4.1.3 Variation of initial mean pressure p0
Six isotropically normal consolidated samples with varia-
tion of the initial mean pressure p0 ¼
f50; 75 100; 125; 150; 250g kPa have been tested with
deviatoric amplitudes resulting in a constant amplitude–
pressure ratio of f ¼ qampl=p0 ¼ 0:2 and a displacement
rate of _s ¼ 0:1 mm/min.
A comparison between test C21 with p0 ¼ 250 kPa
presented in Fig. 9f with Nf ¼ 995 and C5 with p0 ¼ 200
kPa presented in Fig. 3c with Nf ¼ 68 shows the signifi-
cant influence of the initial mean stress. A decrease of the
(a) (b)
Fig. 8 Undrained cyclic tests with different displacement rates (OCR0 ¼ 1; p0 ¼ 200 kPa, g0 ¼ 0; qampl ¼ 45 kPa): a) normalized accumulated
pore water pressure uacc=p0 as a function of the number of cycles and b) accumulated axial strain as a function of the number of cycles
(simulation=solid lines, experiment=dashed lines)
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] C16: p0 = 50 kPa
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] C18: p0 = 100 kPa
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] C19: p0 = 125 kPa
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] C20: p0 = 150 kPa
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] C21: p0 = 250 kPa
(a) (b) (c)
(d) (e) (f)
Fig. 9 Effective stress paths in undrained cyclic tests with variation of the initial mean pressure (OCR0 ¼ 1; g0 ¼ 0; _s ¼ 0:1 mm/min)
(simulation = red, experiment = blue) (color figure online)
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mean pressure leads to an acceleration of the accumulated
pore water pressure and of the residual strain. This beha-
viour is also captured with the model simulations illus-
trated in Figs. 9 and 10. No simulations with different
initial mean pressures are presented in [9] with the refer-
ence model. However, since the radius of the bounding
surface is randomly 2 times larger than that of the flow
surface in the reference model [9], it is to be expected that
laboratory tests with different p0 cannot be accurately
reproduced with the same parameter set. The proposed
model introduces the parameter d in Cap. 2 in order to
overcome these disadvantages and to achieve a good per-
formance as depicted in Figs. 9 and 10.
The mismatch in the first cycle of the effective stress
paths can be attributed to the fluctuation of the experi-
mental initial void ratio.
4.1.4 Variation of initial overconsolidation ratio OCR0
The influence of the initial overconsolidation ratio was
studied in 2 tests with OCR0 ¼ f1:5; 2g. The initial
conditions were chosen to p0 ¼ 100 kPa, qampl ¼ 30 kPa
and _s ¼ 0:1 mm/min.
The expected dilative response in the first cycle of
undrained cyclic loading of overconsolidated samples is
recognizable in the negative accumulated pore water
pressure at N ¼ 1 in Fig. 11a. Afterwards, the material
response is contractive _p\0 ) _uacc[ 0. The number of
cycles to failure Nf ¼ f116; 531g grows significantly with
the OCR0 ¼ f1:5; 2:5g. The rate of eacc1 and uacc decreases
with OCR0 resulting in a stiffer response of the material for
higher OCR0. All these effects are properly described by
the models simulations, solid lines in Fig. 11.
4.1.5 Variation of initial stress ratio g0
Normal consolidated samples with initial mean pressure of
p ¼ 200 kPa have been anisotropically consolidated to
different deviatoric stresses leading to various initial stress
ratios in compression g0 ¼ f0:375; 0:25; 0:125g and in
extension g0 ¼ f0:125; 0:25; 0:5g. Then, cyclic
undrained shearing has been performed with qampl ¼ 30
kPa and displacement rate of _s ¼ 0:1 mm/min.
(b)(a)
Fig. 11 Undrained cyclic tests with variation of the initial overconsolidation ratio (p0 ¼ 100; kPa, qampl ¼ 30 kPa, g0 ¼ 0; _s ¼ 0:1 mm/min): a
normalized accumulated pore water pressure uacc=p0 as a function of the number of cycles and b accumulated axial strain as a function of the
number of cycles (simulation = solid lines, experiment = dashed lines)
(a) (b)
Fig. 10 Undrained cyclic tests with variation of the initial mean pressure (OCR0 ¼ 1; g0 ¼ 0; _s ¼ 0:1 mm/min): a normalized accumulated pore
water pressure uacc=p0 as a function of the number of cycles and b accumulated axial strain as a function of the number of cycles (simulation =
solid lines, experiment = dashed lines)
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The effective stress paths are presented in Fig. 12a-c,
whereby the slope and the relaxation of the mean pressure
are properly reproduced with the model. Both the experi-
ments and the simulations, showed that the failure criterion
is reached due to excessive axial strain accumulation and
not due to large strain amplitudes as observed for
isotropically consolidated samples (compare Figs. 4 with
13). Furthermore, the accumulation of the pore water
pressure almost stabilized after a certain number of cycles,
and consequently, a complete relaxation of p is not
expected.
The simulation in Fig. 12c shows a partially flow of the
mean pressure when approaching the extension critical
state line. This behaviour is not evidenced by these
experiments, but it has been documented in some other
works [18, 33].
4.1.6 Variation of stress amplitude qampl at anisotropic
consolidated samples
The performance of the model is tested at anisotropic ini-
tial stress ratios also for different stress amplitudes qampl ¼
f20; 25; 30; 35; 40g kPa (notation in [36] C33, C34,
C25, C35 and C36, respectively). The stress–strain relation
is exemplary illustrated in Fig. 13 for C35, whereby the
axial strain amplitude is observed to remain constant dur-
ing the cycles resulting in a constant but considerable rate
of the irreversible axial strain. All these effects are cap-
tured by the simulation with the AVISA model. For other
deviatoric amplitude was observed a similar behaviour as
depicted in Fig. 14b. Thereby, the accumulated axial strain
is plotted versus the number of cycles. Obviously, the
number of cycles to failure decreases with increasing
amplitude. The existence of a lower limit of the number of
cycles to failure, for example Nf ¼ 19, is indicated, as for
both tests C35 and C36 19 cycles are passed through until
the failure criterion of je1j ¼ 10% is reached.
"flow"
(a) (b) (c)
Fig. 12 Effective stress paths in undrained cyclic tests with variation of the initial stress ratio (OCR0 ¼ 1; p0 ¼ 200; kPa _s ¼ 0:1 mm/min)
(simulation = red, experiment = blue) (color figure online)
Fig. 13 Deviatoric stress vs. axial strain in undrained cyclic tests with
different deviatoric amplitudes on samples consolidated anisotropi-
cally (OCR0 ¼ 1; p0 ¼ 200 kPa, g0 ¼ 0:375) (simulation = red,
experiment = blue) (color figure online)
(a) (b)
Fig. 14 Undrained cyclic tests with different deviatoric amplitudes on samples consolidated anisotropically (OCR0 ¼ 1; p0 ¼ 200 kPa,
g0 ¼ 0:375): a normalized accumulated pore water pressure uacc=p0 as a function of the number of cycles and b accumulated axial strain as a
function of the number of cycles (simulation = solid lines, experiment = dashed lines)
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The accumulated pore water pressure stabilizes after a
certain number of cycles, and it indicates the existence of a
threshold value of uacc ¼ 0:5 p0 for each test. The simula-
tions are in very good agreement with the experimental
evidence presented by [36].
4.1.7 Samples cut out in horizontal direction
The inherent anisotropy incorporated in the model requires
the calibration of the material parameter a termed as ani-
sotropic coefficient and the definition of the unit vector
along the sedimentation axis ms (not to be mixed up with
the tensorial flow rule denoted with m). The calibration of
a is in detail described in [32] and once more summarized
in Appendix 2. The vectorm depends on the sedimentation
axis of the material, and we define for a vertical cutting
direction ms ¼ f1; 0; 0g and consequently for a horizontal
cutting direction ms ¼ f0; 0; 1g. In [36], despite samples
cut out in vertical direction, three tests 2 g0 ¼ 0 (C40
and C41) and 1 g0 ¼ 0:5 (C42) on samples cut out in
horizontal direction have been performed as well.
The experimental results and simulations with the
AVISA model are presented in Figs. 15 and 16. The lower
initial void ratio of the test C41 implies a lightly over-
consolidated initial state with OCR ¼ exp½ð1:76 1:07Þ=
0:13	=200 ¼ 1:48. As a result, a stiffer response of the
material is evident in the p q plane as illustrated in
Fig. 15 and a decay of the accumulation rate of the axial
strain can be observed in Fig. 16b. These observations are
of course mirrored in the accumulated pore water pressure
too. Moreover, the inclination of the effective stress path
is opposite to the inclination of samples cut out in vertical
direction (compare Figs. 3 with 15). The final effective
stress loop of horizontal samples is practically mirrored
along the p-axis. Due to the higher elasticity, the rates of
the accumulation of pore water pressure as well as of the
axial strain rate are much lower for the horizontally cut
samples compared to the vertical ones (compare Figs. 5
with 16). Consequently, for a given amplitude or another
boundary condition the horizontal samples can withstand
a much higher number of cycles to failure than the ver-
tical ones. All these observations are very well repro-
duced with the AVISA model. Furthermore, the final
relaxation of the mean pressure at the failure criterion of
je1j ¼ 10% is lower for horizontal samples. This occur-
rence gives a hint to the answer of the question if a
(b)(a)
Fig. 15 Effective stress paths in undrained cyclic tests with samples cut out in horizontal direction (OCR0  1; p0 ¼ 100; kPa, g0 ¼ 0,
qampl ¼ 45 kPa, _s ¼ 0:1 mm/min) (simulation = red, experiment = blue) (color figure online)
(a) (b)
Fig. 16 Undrained cyclic tests with different deviatoric amplitudes samples cut out in horizontal direction (OCR0  1; p0 ¼ 100; kPa, g0 ¼ 0,
qampl ¼ 45 kPa, _s ¼ 0:1 mm/min): a normalized accumulated pore water pressure uacc=p0 as a function of the number of cycles and
b accumulated axial strain as a function of the number of cycles (simulation = solid lines, experiment = dashed lines)
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specific angle for the cutting direction exists, at which a
total relaxation near to liquefaction p ! 0 would be
experienced.
Of course, the reference model [9] is not able to
reproduce a distinction between different cutting direc-
tions, because of the absence of inherent anisotropy in its
mathematical formulation.
4.2 Simulations with Lower Rhine Clay
The experiments with the high-plasticity Lower Rhine Clay
have been performed by the authors and Wichtmann in
IBF, KIT and will be published once a complete database is
finished. In the following, some results of undrained cyclic
triaxial tests with different deviatoric amplitudes as well as
with variation of the displacement rate are presented. By
testing a specified stress amplitude qampl, the loading
direction was changed once the defined deviatoric stress q
was reached. The cyclic loading was stopped when a cer-
tain value of axial strain j e1 j¼ 10% was reached, as done
also for the Kaolin tests [36]. The displacement rates were
chosen low enough to guarantee a homogeneous field of
pore pressure within the samples. The material parameters
used for all the simulations are depicted in Table 3.
Table 4 provides a short overview of the experiments
performed on Lower Rhine Clay with the specifications of
initial conditions in terms of: mean pressure p0, overcon-
solidation ratio OCR0 and deviatoric stress q0. The
deviatoric amplitude qampl, the displacement rate _s and the
number of cycles to failure Nf which the experiments were
subjected to are also documented in Table 4.
Figure 17 shows the results for the test RBT-4 with a
deviatoric amplitude of qampl ¼60 kPa and Nf  1:5 until
the failure criterion of je1j ¼ 10% is reached. For the same
amplitude but with a 2.5 times faster displacement rate, the
number of cycles to reach an axial strain of 10 % decreases
to approx. 0.5; see Fig. 18. The decay of the number of
cycles to failure with increasing frequency of the same
amplitude has been observed by other authors too and in
accordance with this tendency is an acceleration of the
accumulated pore water pressure to observe. Thus, the
accumulated axial strain increases for lower displacement
rates. The simulations show a good agreement with all
effects shown by the experiments. The frequency depen-
dence of the model is established through the viscous
strain. Figures 19 and 20 present the experimental and
simulated behaviour of Lower Rhine Clays for lower
deviatoric amplitudes corresponding to qampl ¼ 45 and 40
kPa. As expected, the number of cycles leading to failure
increases with decreasing amplitude. Among other effects,
also the inherent anisotropy resulting in a compressive
accumulation of the axial strain is very well captured by
the simulations with the AVISA model. No simulations
with the reference model are shown in [9] with cyclic tests
of Lower Rhine Clay. However, it is obvious that the
Fig. 17 Effective stress path and deviatoric stress–axial strain relations for the undrained cyclic test RBT-4 on Lower Rhine Clay with qampl ¼ 60
kPa and _s ¼ 0:02 mm/min (simulation = red, experiment = blue) (color figure online)
Table 4 Programme of undrained cyclic triaxial tests on Lower Rhine Clay





RBT-4 100 1 0 60 0.02 1.5
RBT-5w 100 1 0 60 0.05 0.5
RBT-7 100 1 0 45 0.02 2.5
RBT-8 100 1 0 40 0.02 4
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inherent anisotropy cannot be reproduced with the refer-
ence model.
5 Concluding remarks
The present work proposes a constitutive model with some
interesting capabilities, such as the simulation of the strain
rate and time dependency and the incorporation of small
strain and of inherent anisotropic effects, permitting the
user to evaluate the influence of each effect on a simula-
tion, without changing the model and keeping the same set
of material parameters.
The small strain effects of clays have been simulated
through an extended ISA plasticity formulation (first ver-
sion of ISA plasticity has been proposed for sand by
Fuentes & Triantafyllidis [10]). The rate dependency is
captured by a third strain mechanism (in addition to the
total and the hypoplastic strain) that is dependent on the
stress and the void ratio. The loading surface has been well
Fig. 18 Effective stress path and deviatoric stress–axial strain relations for the undrained cyclic test RBT-5w on Lower Rhine Clay with
qampl ¼ 60 kPa and _s ¼ 0:05 mm/min (simulation = red, experiment = blue) (color figure online)
Fig. 19 Effective stress path and deviatoric stress–axial strain relations for the undrained cyclic test RBT-7 on Lower Rhine Clay with qampl ¼ 45
kPa and _s ¼ 0:02 mm/min (simulation = red, experiment = blue) (color figure online)
Fig. 20 Effective stress path and deviatoric stress–axial strain relations for the undrained cyclic test RBT-8 on Lower Rhine Clay with qampl ¼ 40
kPa and _s ¼ 0:02 mm/min (simulation = red, experiment = blue) (color figure online)
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defined in order to provide a clean and complete formu-
lation for the overconsolidation ratio. The degree of non-
linearity presented in the reference model [9] turned to be
unsuitable as it does not provide information about the
preloading state of the material. For this purpose, it has
been reformulated depending on the OCR.
Some investigations regarding the inherent anisotropy
have shown that the effective stress path before cyclic
mobility is significantly inclined towards the left upper
corner of the p q plane as documented also in [36] for
Kaolin Clay and that the inherent anisotropy of clays can
be described through the transversal isotropy as theoreti-
cally described also in the pioneer work of Graham &
Houlsby [12]. Due to the p q inclination, first the com-
pression triaxial critical state line is reached, and thus, the
accumulation of the axial strain changes from extension to
compression. For a performance-based design of an, for
example, flooded opencast mine under earthquake loading,
the accurate description of these effects is indispensable.
This holds not only for the low-plasticity Kaolin Clay as
documented in [36] but also for the high-plasticity Lower
Rhine Clay evaluated in this work. Consequently, the
hypoelastic stiffness has been transformed to a transversal
hypoelastic stiffness. The extensions and novelties com-
pared to the reference model [9] are in detail presented
in Appendix 1.
Furthermore, the last cycles at cyclic mobility show a
prevented dilatancy at loading and a contractant behaviour
after an elastic regime is overcome for unloading. It is of
high importance to note that at stress reversal both clays
investigated in this paper first exhibit an increase in the
mean pressure in contrast to sand whereas the reversal
starts with the highest contractancy. This can present a
reason why most clays do not reach liquefaction p ¼ 0 kPa.
Particularly, the fact that the final relaxation of the mean
pressure at the failure criterion of je1j ¼ 10% is lower for
horizontally cut samples than vertically cut ones gives a
hint to the answer of the question if a specific angle for the
cutting direction exists, at which a total relaxation near to
liquefaction p ! 0 would be experienced.
The performance of the model has been inspected by
simulating the database with about 50 cyclic undrained
triaxial (CUT) tests on the low-plasticity Kaolin Clay
published by Wichtmann & Triantafyllidis. The Kaolin
database includes variation of the deviatoric stress ampli-
tude, initial stress ratio, displacement rate, overconsolida-
tion ratio and cutting direction. Furthermore, 4 CUT tests
performed on the high-plasticity Lower Rhine Clay have
been simulated. These experiments have been performed
by the authors with the same device as [36], whereby the
influences of the displacement rate as well as the deviatoric
amplitude have been studied. The simulations showed to be
in a very good agreement with the experimental
observations.
The research has shown that the loops at the cyclic
mobility represent an interaction between inherent aniso-
tropy and dilatancy. The later one is not considered in the
present work and will be a matter of future research.
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Appendix 1: Summary of constitutive
relations of the reference and the proposed
model
Table 5 provides a summary of the relations constituting
the reference model compared to the constitutive equations
of the in this paper proposed AVISA model (in red the
reformulations or extensions of the AVISA model).
Appendix 2: Short overview
of the calibration of AVISA material
parameters
The AVISA model requires the calibration of 15 parame-
ters (one more than the reference model [9]) listed in
Table 3. However, the ‘‘controversial’’ nOCR parameter
termed as viscous exponent is eliminated due to the explicit
solution of the loading surface according to the void ratio
(see Sect. 3.2). Despite the bounding surface radius d, all
parameters have been used in former works
[32, 9, 23–31, 25] and will be briefly summarized herein by
separating them according to their role within the model:
• transversal (hypo)elasticity requires the determination
of 4 material parameters, whereby the compression
index k can be calibrated upon an compression path
with a constant rate of strain and the swelling index j is
defined as the slope of the corresponding unloading
path. Two remaining parameters can be defined in
conjunction with each other, as they both influence the
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slope of the effective stress path in stress space and the
shear modulus. Thus, for the Poisson ratio mh and the
anisotropic coefficient a, the effective stress slopes
Dq=Dp of two monotonic or cyclic undrained triaxial
tests with different cutting directions need to be












with Dev ¼ 0 in undrained tests. Along these lines of
thoughts, the authors provided in [32] a Mathematica
code presenting a very simple and self-explanatory
method for the calibration of mh and a.
• the intergranular strain requires the calibration of 7
material parameters whereby the stiffness factor mR, the
Table 5 Comparison between the constitutive equations of the reference model [9] and the AVISA model
Summary of constitutive relations
Reference model [9] AVISA
Constitutive equation
_r ¼ mE : _e yh _ehp  _evis
 
_r ¼ mEtrans : _e yh _ehp  _evis
 
Intergranular strain relations
FH ¼ kh ck  R=2
FHb ¼ khk  2  R FHb ¼ khk  d  R
_h ¼ _e _kHN
_c ¼ _kH c
c ¼ b ðcb  cÞ=ðRÞ c ¼ b ðcb  cÞ=ðd  RÞ
cb ¼ R=2 _e
!
cb ¼ R ðd  1=2Þ _e
!
q ¼ 1 khb  hk
2R
q ¼ 1 khb  hk
d  R
hb ¼ RN hb ¼ d=2  RN
yh ¼ qvhN : _e
!
i
m ¼ mR þ ð1 mRÞ yh
_ea ¼ Ca=R 1 yh  eað Þk _ek
v ¼ v0 þ ea ðvmax  v0ÞÞ
b ¼ b0 b ¼ b0 þ ð2 b0Þ krk=krckð Þ3
Constitutive relations for mobilized states
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radius of the yield surface R and the hardening
parameter b0 can be calibrated through a secant shear
modulus degradation curve (Resonant Column Test).
The parameter R corresponds to the amplitude of the
threshold strain which encloses the elastic locus of the
material, and when results of the RC test are not
available, a value of R ¼ 104 is recommended for the
elastic behaviour of clays. The parameter b0 controls
the strain amplitude required to reach the mobilized
states. A relation for b0 was provided in [10]. The
minimum v0 and maximum vmax exponent control the
shape of the secant shear modulus degradation curve
and should be calibrated with tests including a few and
a considerably increasing number of cycles, respec-
tively; for further details, see also [25]. The accumu-
lation rate factor Ca controls how fast the accumulation
is produced during the cycles and can be calibrated
through trial and error procedure of an undrained
triaxial test. The ratio d of the radius of the bounding
surface and the yield surface d should be calibrated
through a RC test in the transition between the visco-
elastic and the visco-hypoplastic behaviour defining the
end of this transition area as depicted in Fig. 21.
• the critical and loading surface introduces 1 and 2
additional material parameters, respectively. The crit-
ical state slope in triaxial compression Mc can be
calibrated through a triaxial test with samples sheared
up to high strains ensuring that the critical state (e ¼ ec
and g ¼ gc) is reached. The maximum void ratio ei0
corresponds to the maximum void ratio at the reference
pressure pref ¼ 1 kPa at the virgin isotropic consoli-
dated line OCR ¼ 1. For its calibration, the most
suitable test is an isotropic compression test with
constant rate of strain. In the absence of this test, an
oedometer test can be used instead as explained in
[32, 9]. The loading surface factor fb0 controls the peak
strength of the overconsolidated soil. Thus, it can be
calibrated using triaxial data of initially overconsoli-
dated samples.
• the viscosity requires the calibration of only one
parameter denoted as viscosity index Iv. It describes
the intensity of creep for normal consolidated states and
can be determined through a creep stage or consolida-
tion process evaluating the secondary settlement curve.
Other methods as the consideration of two different
isotachs can be used as well [20, 32, 9, 8].
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